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A classical result of Enestrom and Kakeya (if an;;" an_I;;" an_2"';;" a, >0,
then, for Ill> 1, LZ~o akl

k "* 0) is extended to polynomials whose coefficients are
monotonic but not necessarily positive. © t 984 Academic Press, Inc.

1. INTRODUCTION AND STATEMENT OF RESULTS

The following result is well known.

THEOREM A (Enestr6m-Kakeya). If

(1.1 )

then,for Iz I> 1, L:Z=o akz
k*O.

Theorem A has been extended in various ways (cf. [1, 2, 5D. Joyal,
Labelle and Rahman [4, Theorem 31 proved

THEOREM B. If p(z) = L:Z=o akzk is a polynomial of (exact) degree n
(n ~ 1) such that

(1.2)

then p(z) has all its zeros in the circle.

(1.3)
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In this paper we show that the disk given by (1.3) can be replaced by an
annulus with a smaller outer radius. More precisely, we prove the following

THEOREM. Let p(z) = L~=o ak Zk be a polynomial of (exact) degree n
(n ~ 1) such that

Then p(z) has all its zeros in the annulus (perhaps degenerate)

R2~lzl~Rl'

Here

and

R 2= 2~2 [-R~ b(M2-Iaol) + {R1b 2(M2_laoI)2 + 41aolR~ M~}1/21,
2

where

M1=an-ao+laol,

M2=R~(lanIRI+an-ao),

(1.4)

(1.5)

Moreover

an-ao+laol
0~R2~I~Rl~ lanl .

If ao>0, the last theorem yields Theorem A.
To prove (1.5), observe that the inequality R 1 ~ 1 follows from the

definition of R 1 noting that c ~ 0 and M 1 ~ Ian I. The inequality 0 ~ R 2 ~ I
follows from the definition of R 2 and the inequality laol ~ (MJRD.
(M2+R~b)/(M2+b),which is a consequence of (3.7). Thus in order to
establish (1.5), it remains only to show that R 1 ~ (an - ao+ laol)!lanl, and
for this, note that



if

ON THE ENESTROM-KAKEYA THEOREM 241

which is true if

(1.6)

Since (1.6) holds, the inequality R 1 ~ (an - ao+ lao 1)/1 an I follows and the
proof of (1.5) is complete.

The results obtained by our Theorem are at least as good as those
obtained by Theorem B, but in some cases the results obtained by our
Theorem are very much better than those obtained by Theorem B. To
illustrate this we consider the following examples.

EXAMPLE 1.

p(z) = 6z 4 + 4z 3 + 3z 2 + 2z - 100.

Theorem B gives that p(z) has all its zeros in Iz I~ 34.3334, while our
Theorem gives that p(z) has all its zeros in 0 . 1297 ~ Iz I~ 6.0236.

EXAMPLE 2.

1 1 2 3 1
p(z) = _zs +_Z4 +_Z3 +_Z2 +-z - (10)3.

2 2 5 10 5

Theorem B gives that p(z) has all its zeros in Iz I~ 400 1 and by our
Theorem, all the zeros of p(z) are contained in Izi ~ 63.2535.

2. LEMMAS

LEMMA 1. If p(z) is analytic inside and on the unit circle, Ip(z) I~ M
(M> 0) on Izi = 1, and p(O) = a, then

(2.1 )

for Izl < 1.

Lemma 1 is a well-known generalization of Schwarz's lemma.
From a lemma due to Govil, Rahman and Schmeisser [3, p. 325], one can

easily prove
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LEMMA 2. If p(z) is analytic in Izl~R, p(O)=O, p'(O)=b, and
Ip(Z)I~Mfor Izl=R, then,for Izl~R,

I )1 Mlzl Mlzl +R 2 1bl
p(z ~~ M+lzllbl .

3. PROOF OF THE THEOREM

Consider

g(z) = (1 - z) p(z)
n

=-anzn+l + L (ak-ak_l)zk+ao
k=1

(2.2)

say. (3.1 )

If by Q(z) we denote the polynomial zn P(I/z), then

n

Q(z) = L (ak - ak_l) Zn-k +aOzn.
k=1

For Izi = 1, we have

n

IQ(z)1 ~ L (ak - ak_l) + laol = MI'
k=1

Applying Lemma 1 to the function Q(z), we get for Iz I~ 1

If Izi > 1, then (3.2) yields

IP(z)1 ~ Mllzl n M I + (an - an-I) Izl.
(an - an_I) +Mlizi

Thus for Izl =R > 1,

Ig(z) I~ I-an zn+ 1+ P(z) I
~ janl R n+1-IP(z)1

~lanIRn+I_MIRn M I +R(an-an_l)
MIR + (an - an-I)

(by (3.3»

(3.3)



ON THE ENESTROM-KAKEYA THEOREM 243

(by (1.4»

R
n

I 2 I 2]= [MI ani R - cR(MI - ani) - M 1
MIR +c

>0

if

Therefore p(z) has all its zeros in

Next we show thatp(z) has no zeros in Izl <R 2 • We have by (3.1)

n

g(z)=a + '\' (a -a )Zk_ a zn+lo "-- k k-I n
k=1

(3.4)

= a o+f(z),

Clearly, if Izi ~Rl' then

say. (3.5)

n

If(z)I~lanIR~+I+ I (a k -ak_I)R1
k=l

n

~lanIR~+I+R7 I (ak-ak_ l)
k=1

= lanl R~+ I +R~(an - ao)

=R7(ian IR I +an-ao)

=M2 •

Further, sincef(O)=O andfJ(O)=al-ao=b, by Lemma 2 we have

If(z)1 ~ M~~zl M 2 1
z

1 +Rib
I M 2 +lzlb

(3.6)

(3.7)
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Combining (3.5) and (3.7), we get, for Izi ~Rl'

M 2 1z1 M 2 1z1 +Rib
Ig(z)1 ~ laol- Ri M

2
+Izi b

= Ri(M
2
~ Izi b) lIz1 2 M~ +Ri b Izl(M2 -Iaol) -Iaol Ri M 21

>0,

if

(since M 2 -Iaol = M 2 -1/(1)1 ~ 0 by (3.6», which implies that p(z) has no
zeros in

(3.8)

and the theorem follows.

ACKNOWLEDGMENT

The authors are grateful to the referee for his valuable suggestions.

REFERENCES

1. G. T. CARGO AND O. SHISHA, Zeros of polynomials and fractional order differences of
their coefficients, J. Math. Anal. Appl. 7 (1963),176-182.

2. N. K. GOVIL AND Q. 1. RAHMAN, On the Enestrom-Kakeya Theorem, Tohoku Math. J. 20
(1968), 126-136.

3. N. K. GOVIL, Q. 1. RAHMAN, AND G. SCHMEISSER, On the derivative of a polynomial,
Illinois J. Math. 23 (1979), 319-329.

4. A. JOYAL, G. LABELLE, AND Q. 1. RAHMAN, On the location of zeros of polynomials,
Canad. Math. Bull. 10 (1967), 53-63.

5. P. V. KRISHNAIAH, On Kakeya's Theorem, J. London Math. Soc. 30 (1955), 314-319.


